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Abstract

In this paper structural equations of motion based on nonlinear beam theory and the ONERA aerodynamic stall

model are used to study the effects of geometric structural nonlinearity on flutter and limit cycle oscillations (LCO) of

high-aspect-ratio wings. For example, the effects of large static pre-flutter deformations in the vertical or torsional

direction are considered. In particular, static deformations in the vertical and torsional directions caused by a static

angle of attack, gravity and/or manufactured curvature generally decrease system stiffness and flutter stability. The

structural nonlinearity also leads to a sensitivity to initial conditions as well as any parameter that influences the static

equilibrium condition. A dynamic perturbation equation about a nonlinear static equilibrium is derived which is used to

determine the small perturbation flutter boundary. The effects of the geometric structural nonlinearity of the beam

theory on both the perturbation flutter boundary and the nonlinear response are significant. Onset of a limit cycle

oscillation is dependent upon the delicate between stall aerodynamics and structural nonlinear forces. LCO above and

below the perturbation flutter boundary generally occurs over a limited range of flow velocity. LCO can occur below the

perturbation flutter velocity due to large initial disturbances.

r 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Linear and nonlinear aeroelastic stability and response of an aircraft with a high-aspect-ratio wing have been studied

for many years from subsonic to supersonic flow. Most investigators have used linear beam theory to simplify the wing

structural model. As shown in Hodges and Dowell (1974) and Patil et al. (1999a), however a geometric structural

nonlinearity may arise from the coupling between elastic flap bending, chordwise bending and torsion.

For low-aspect-ratio wings nonlinear plate theory has been used as a wing structural model by Tang et al. (1999a). As

is well known, Von Karman’s plate equations take into account the nonlinear coupling between in–plane and out-of-

plane plate motion as a result of retaining quadratic terms in the strain–displacement equations. Physically, there is a

stiffening of the plate due to an in-plane tension which increases quadratically with increasing out-of-plane

displacement. This geometric structural nonlinear coupling leads to a limit cycle oscillation (LCO) when the flow

velocity exceeds the linear small perturbation flutter speed of this system. The contribution of this structural nonlinear

coupling to aeroelastic stability and response is beneficial. Theoretical and experimental results are shown by Tang

et al.(1999a,b) to be in good agreement for low-aspect-ratio wing models in low subsonic flow.

In this paper we use structural equations of motion based on nonlinear beam theory, see Hodges and Dowell (1974)

and the original ONERA aerodynamic stall model by Tran and Petot (1981) to study the effects of geometric structural
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nonlinearity on flutter of high-aspect-ratio wings. Large static pre-flutter deformations in the vertical or torsional

direction are considered. The large static deformation is created by one of several physical effects:

(i) a tip mass with inertia and gravity effects—Case 1;

(ii) a gravity tip force only due to tip mass (i.e., the inertia of the tip mass is neglected)—Case 2;

(iii) a manufactured curvature in the vertical direction—Case 3;

(iv) a steady angle of attack which creates a static aerodynamic load on the wing—Case 4.

A dynamic perturbation equation about a nonlinear static equilibrium is derived which is used to determine the

flutter boundary. A direct time marching solution is also used to calculate the response behavior of this nonlinear
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Nomenclature

c; %c wing chord and dimensionless chord, c=L

Cl section lift coefficient

Cd section drag coefficient

Cm section torsional moment coefficient

dD; dL section drag and lift forces

dM0 section pitch moment about 1/4 chord

dFv; dFw section chordwise and vertical component forces

dMx section pitch moment about elastic axis

E modulus of elasticity

g gravitational constant

G shear modulus

I1; I2 vertical, chordwise area moments

J torsional stiffness constant

Km wing mass radius of gyration

L wing span

m mass per unit length of the wing

M tip mass of the wing

N total number of modes

NN number of aerodynamic elements

t time

U free stream velocity

v chordwise bending deflection

w vertical bending deflection, perpendicular to v

Vj ;Wj generalized coordinates for bending

Wtip tip displacement due to manufactured curvature

x position coordinate along wing span

yac aerodynamic center of section from elastic axis

al wing section angle of attack

b � EI2=EI1 � 1

Dl dimensionless width of lth aerodynamic section

y0 steady angle of attack

l � 1
2 rU2 %ct2=m ¼ 1

2 rU2 %cL4=EI1
m � M=mL

r air density

t characteristic time scale,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mL4=EI1

p
f twist about deformed elastic axis

Fj generalized coordinates for torsion

ofj jth torsional natural frequency of wing

ovj jth chordwise natural frequency of wing

owj jth vertical natural frequency of wing

ð Þ
0

dð Þ=dx

ð�Þ dð Þ=dt
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system above and below the nominal, perturbation flutter boundary. The results provide additional insight with respect

to the contribution of structural nonlinear coupling to the aeroelastic stability and response of high-aspect-ratio wings.

As such, this paper is a complement to the studies reported earlier by Patil et al. (1999a,b).

2. Nonlinear and perturbation flutter equations

A wing model with the parameters presented by Patil et al. (1999a) is used. See Table 1. However we use a simpler

nonlinear beam theory in the present paper compared to that of Patil et al. (1999b). According to the Hodges–Dowell

equations, for an uniform, untwisted elastic wing, neglecting cross-section warping, the equations of motion may be

written as

EI2v
0000
þ ðEI2 � EI1Þðfðw þ w0Þ

00
Þ
00
þ m.v þ M .vx¼L ¼

dFv

dx
; ð1Þ

EI1ðw þ w0Þ
0000
þ ðEI2 � EI1Þðfv

00
Þ
00
þ m .w þ M .wx¼L � Mgdðx � LÞ ¼

dFw

dx
; ð2Þ

�GJf
00
þ ðEI2 � EI1Þðw þ w0Þ

00
v
00
þ mK2

m
.f ¼

dMx

dx
: ð3Þ

A few general comments about Eqs. (1)–(3) may be in order. First of all by multiplying each of these equations by

dv; dw and df; respectively, and integrating over the length of the beam, a variational statement may be derived.

Conversely as shown in Hodges and Dowell (1974), these equations may be derived from Hamilton’s principle.

Another interesting aspect of these equations is that using a method previously developed by Dowell (1969, 1970) and

independently by Bejan (1984), order of magnitude analytical estimates may be derived for estimating under what

conditions nonlinear effects may be important. A discussion of these estimates and their derivation is given in the

appendix. This method may be used for a wide range of interesting nonlinear dynamical systems.

Note that in Eqs. (1)–(3) only the most important nonlinear terms are retained from the Hodges–Dowell equations

and the third and higher order geometrically nonlinear terms are neglected here. Also note that the geometric twist

angle #f ¼ fþ
R x

0 v
0
w

00
dx is considered in the aerodynamic terms. M is the tip mass and w0 is the manufactured

curvature.

The v and w components of the aerodynamic force, and the aerodynamic moment about the elastic axis can be

expressed as follows:

dFw ¼ dL � ðfl � y0Þ dD;

dFv ¼ �dD � ðfl � y0Þ dL; ð4Þ

dMx ¼ dM0 � yac dFw;
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Table 1

Wing model data

Wing

Half-span 16 m

Chord 1 m

Mass per unit length 0:75 kg=m
Moment of Inertia (50% chord) 0:1 kg=m
Spanwise elastic axis 50% chord

Center of gravity 50% chord

Flap bending rigidity ðEI1Þ 2	 104 N m2

Chordwise bending rigidity ðEI2Þ 4	 106 N m2

Torsional rigidity ðGJÞ 1	 104 N m2

Flight conditions

Altitude 20 km

Density of air 0:0889 kg=m3
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where

dL ¼ 1
2
rcU2Cl dx; dD ¼ 1

2
rcU2Cd dx; dM0 ¼ 1

2
rc2U2Cm dx;

flE ’w=ðU þ ’v þ ’wy0Þ; a ¼ #fþ y0 � fl;

where y0 is a steady angle of attack.

The section aerodynamic coefficients Cl ;Cd and Cm are obtained from the original ONERA stall aerodynamic model,

see Tran and Petot (1981).

From Eqs. (1)–(3), expansions in general mode shape functions are used to obtain ordinary differential equations in

terms of generalized coordinates. They are expressed in series form as follows:

%v ¼
XN

j¼1

VjðtÞcjð %xÞ;

%w ¼
XN

j¼1

WjðtÞcjð %xÞ; ð5Þ

f ¼
XN

j¼1

FjðtÞYjð %xÞ;

where the over-bar indicates nondimensionalization with respect to the wing span, L; and cj ;Yj are the jth normal

modes of the associated linear structural model.

Using the Galerkin method one obtains a set of nondimensional modal equations from Eqs. (1)–(5),

XN

j¼1

dijð .Vj þ %o2
vjVjÞ þ mDij

.Vj þ b
XN

k¼1

KjkiFjWk þ b %WtipSijFj

" #

¼ �p
XNN

l¼1

Dlcil ½Cdl þ ðfll � y0ÞCll �; ð6Þ

XN

j¼1

dijð .Wj þ %o2
wjWjÞ þ mDij

.Wj þ Eij %Wtip � mgt2Eij=L þ b
XN

k¼1

KjkiFjVk

" #

¼ p
XNN

l¼1

Dlcil ½Cll � ðfll � y0ÞCdl �; ð7Þ

XN

j¼1

dijð %K2
m
.Fj þ %K2

m %o2
fjFjÞ þ b

XN

k¼1

KijkVjWk þ b %WtipSijVj

" #

¼ p%c
XNN

l¼1

DlYilfCml � %yac½Cll � ðfll � y0ÞCdlÞ�g: ð8Þ

The structural mode number is i ¼ 1; 2;y;N; and the aerodynamic section number along the span of wing is

l ¼ 1; 2;y;NN: t is a characteristic time scale, t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mL4=EI1

p
: %ovj ; %owj and %ofj are jth nondimensional chordwise,

vertical and torsional natural frequencies normalized by 1=t: The time appearing in Eqs. (6)–(8) is also

nondimensionalized by t: %Wtip � Wtip=L; is the nondimensional tip vertical displacement due to the manufactured

curvature. m is the nondimensional tip mass, m ¼ M=mL: b ¼ EI2=EI1 � 1 and l ¼ 1
2
rU2 %ct2=m are nondimensional

stiffness and aeroelastic parameters. Kjki;Dij ;Sij ;Eij are coefficients depending upon the structural modes and

manufactured curvature.

Eqs. (6)–(8) are the nonlinear equations of motion. A strictly linear flutter boundary is determined using Eqs. (6)–(8)

by setting b ¼ 0: For b � 0; there is no effect on flutter of a pre-flutter static deflection or initial conditions. For ba0

and a large static pre-flutter deformation, a dynamic perturbation approach is used to determine the small perturbation

flutter boundary of this nonlinear system about a nonlinear and nontrivial static equilibrium condition.

Let fqg be a state vector which is defined as

fqg ¼ f ’Vj ;Vj ; ’Wj ;Wj ; ’F;Fjg:
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Using the perturbation approach, we define

q ¼ %q þ #q and al ¼ %al þ #al ; ð9Þ

where %q and %al are the static equilibrium state variables and the corresponding quantities with a symbol of #ð Þ are the
small dynamic perturbations about the static equilibrium state.

Substituting Eq. (9) into Eq. (6)–(8), a set of static equilibrium equations and dynamic perturbation equations is

obtained. The static equilibrium equations comprise a set of nonlinear algebraic equations for the unknown state vector

f %qg:
The dynamic perturbation equations about a static equilibrium state are

½A�f’#qg þ ½B�f #qg ¼ f0g: ð10Þ

Note the coefficient matrices, ½A�; ½B� are dependent on the flow velocity and the static equilibrium state, e.g. U ; %q and

%al ; etc.
To determine the dynamic nonlinear response of this aeroelastic system, we can use Eqs. (6)–(8) and a time marching

approach.

A note on the sign convention may be helpful here. Vertical bending deflection, w; and the direction of gravity are

taken as positive up. Chordwise bending deflection, v; is taken as positive aft. And the torsional deflection and angle of
attack are taken positive nose up. Note that since gravity is positive up, we are flying the wing upside down and, for

example, a negative angle of attack is required to provide a lift downward to balance the wing weight.

Note that rigid-body motion has been neglected here since the primary purpose has been to study in support of

subsequent wind tunnel studies of a cantilevered wing that have now been reported by Tang and Dowell (2002a,b).

3. Numerical results

Table 1 gives the structural and planform data for the cantilevered wing model under investigation, see Patil et al.

(1999a). The wing structural modes retained in the analysis were two chordwise modes, five flap modes and two

torsional modes. The wing is divided into 10 spanwise aerodynamic sections, i.e. NN ¼ 10 and Dl ¼ 0:1: The static stall
aerodynamic data used in this paper are as follows:

Cls ¼

2p sin ða=2pÞ cosða=2pÞ; 0pao10�;

1:074þ 0:0052a; 10�pao15�;

1:1� 0:0366a; 15�pao45�;

0:0; a > 45�;

8>>><
>>>:

Cms ¼
0:0; 0pao15�;

�0:08; 15�pao45�;

(

Cds ¼ 1:7a2:

In the perturbation approach, DCl is defined as

DCl ¼ ðDClÞ%a þ
@DCl

@a

� 

%a
#a:

For no static wing deformation, the strictly linear flutter speed and frequency corresponding to b � 0 are found to be

32:5 m=s and 22:75 rad=s; respectively, close to the values determined by earlier investigators, see Patil et al. (1999a).

3.1. Perturbation eigenvalue solution

We use Eq. (10) to solve the perturbation eigenvalue problems for the following four cases.

3.1.1. Case with a tip mass (both tip mass inertia and gravity force are included)

A concentrated mass is added to the center of gravity at the tip of wing. Fig. 1(a) shows the first five structural natural

frequencies vs the tip static displacement for a nondimensional tip mass, m; ranging from 0 to 0.25. It is found that the

vertical or flap natural frequencies decrease as m increases or correspondingly the tip static displacement increases. The

first torsional natural frequency greatly decreases and becomes zero at m ¼ 0:212 corresponding to tip displacement of

1:62 m: Note the first chordwise natural frequency increases. These results are because of the significant nonlinear
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structural coupling between bending and torsion. Note also the first chordwise ðov ¼ 31:74 rad=sÞ and torsional

ðof ¼ 31:14 rad=sÞ natural frequencies without a tip mass are almost equal which magnifies the nonlinear coupling effect.
The steady state tip vertical displacement is determined using the set of nonlinear static equilibrium equations and a

Newton–Raphson solution method. The steady state tip vertical displacement increases monotonically as m increases.

In Fig. 2, the flutter velocity and corresponding flutter frequency are shown to decrease with increasing steady state

tip displacement (due to the tip mass).

3.1.2. Case with a tip force only (tip mass inertia is neglected)

The tip vertical load is the same as Case 1, but in this case we neglect the inertia of the tip mass. The natural frequency

behavior due to the tip force is shown in Fig. 1(b) which is similar to Fig. 1(a). We find the first chordwise and torsional

natural frequencies have the same behavior as in Fig. 1(a), but the vertical natural frequencies do not change when the

tip mass inertia is neglected.

For comparison with earlier results from Patil et al. (1999a) for a tip force only, the latter data are also plotted in

Fig. 1(b) as indicated by the dashed line. The results for the vertical frequencies are consistent with each other. The

results for the coupled torsion/chordwise bending mode are very close for smaller steady state tip displacements, but

significant differences are seen in the range of large tip displacement. This is not unexpected as the present analysis uses

simpler equations which are restricted to smaller nonlinear responses compared to the structural model used in Patil

et al. (1999a).

In Fig. 2, as indicated by the symbol, 3; we again see that the flutter velocity and corresponding flutter frequency

decrease with increasing steady state tip vertical displacement. Comparing the two results of Cases 1 and 2, it is

concluded that the effect of the inertia force caused by the tip mass is small, but that the effect of the structural

nonlinearity due to the tip gravity force is significant.
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Fig. 1. Structural natural frequencies versus tip displacement (a) with tip mass [tip gravity force and tip mass inertia], and (b) tip

gravity force only.
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Fig. 2. Perturbation eigenvalue solutions of the linearized aeroelastic model versus steady state tip vertical displacement due to tip

mass and tip force, giving (a) flutter velocity and (b) flutter frequency.
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For comparison with earlier results from Patil et al. (1999a,b), the latter data are also plotted in Fig. 2 as indicated by

the solid line. Corresponding to Fig. 1(b), and as expected, the present results and those of Patil et al. (1999b) are very

close for the smaller steady state tip displacements, but more significant differences are seen in the range of large tip

displacement.

3.1.3. Case with a manufactured curvature

The wing is assumed to have a manufactured curvature in the vertical direction. Its shape is expressed as follows:

w0 ¼ Wtipð %x4 � 4 %x3 þ 6 %x2Þ=3L:

This manufactured shape is close to the first vertical or flap bending natural mode. Wtip may be either positive or

negative. In Fig. 3(a) the flutter velocity is shown and in (b) the flutter frequency. In this figure, the symbol, 3; indicates
the results obtained from plus Wtip and the symbol, W; indicates the results obtained from minus Wtip: As expected the
sign of Wtip (in the absence of gravity or a steady angle of attack) is unimportant and also qualitatively the results are

similar to those for the two cases with a tip mass. This indifference to the sign of Wtip is physically intuitive and is also

seen to follow from the analytical model.

3.1.4. Case for a steady angle of attack

When the steady angle of attack, y0; is not equal to zero, the static equilibrium position of the wing is significantly

dependent upon the flow velocity. The consequent large initial vertical and torsional deformations affect the nonlinear

flutter instability. Fig. 4 shows (a) the flutter velocity and (b) the flutter frequency. Note that again the results are

indifferent to the sign of y0 in the absence of gravity. There are two kinds of instability found for the range of steady

angle of attack shown. When y0p1�; there is a flutter instability, but the flutter velocity and oscillation frequency

decrease as y0 increases. When y0 > 1�; there is a static divergence with zero oscillation frequency. The divergent

velocity also decreases as y0 increases.
Comparing the above results with those of cases 1–3, the relationship between the steady state tip vertical

displacement and the flutter velocity is shown for all four cases examined in this paper in Fig. 5. The numerical data for

tip displacement in the figures are obtained just below the flutter or divergence velocity. As shown in Fig. 5, for the same

steady state tip vertical displacement, the flutter velocity is lowest for the steady angle of attack case, highest for the tip

force in the range of smaller tip vertical displacement and highest for the manufactured curvature in the range of larger

tip vertical displacement. What is most significant however is the similarity of the results for all four cases. This is

consistent with the earlier results of Patil et al. (1999a) who noted that there is a strong correlation of the flutter results

with static tip displacement whatever the physical source of static deformation. This is easy to understand in that if the

static deformation is the same whatever the physical mechanism for creating it, then the flutter condition will be the

same. Of course, equal tip static displacement does not ensure the overall static deformation is the same, but it does

suggest the static deformation patterns will be similar.

3.1.5. Case with wing mass gravity

When the wing mass gravity effect is included in Eqs. (1)–(3) and therefore in Eq. (10), we find the system is always

divergent under any small flow velocity. This is because of the large initial static deformation in the vertical direction

(the tip displacement is about 3 m). A parameter study has been made for several different wing masses and with other

system parameters the same. The results are shown in Fig. 6 (a) for the flutter velocity and (b) corresponding flutter

frequency versus the nondimensional wing mass. The solid line indicates the results with no wing mass gravity effect

included and the symbol 3 the results with the wing mass gravity effect included. In Fig. 6, the nondimensional wing

mass is normalized by the original wing mass ð0:75 kg=mÞ: For the no-gravity case, the flutter velocity and frequency

decrease as nondimensional wing mass increases due to decrease of the system natural frequencies. With gravity

included, the flutter velocity and frequency greatly decrease as nondimensional wing mass increases and become 0 at

0.72 of the nominal wing mass.

3.1.6. Combined effects

First, we consider the combined effect of the wing mass gravity and a manufactured curvature. The manufactured

curvature is opposite to the wing mass gravity direction. The results are shown in Fig. 7 for the divergent velocity vs the

tip vertical displacement due to manufactured curvature. In the range less than 2:7 m and larger than 4:9 m for the tip

displacement due to manufactured curvature, the system is divergent at very low flow velocity. In the range between 2.7

and 4:9 m; the divergent velocity decreases with increasing manufactured curvature from 15.5 to 12 m=s:
Second, we consider the combined effect of the wing mass gravity and a steady angle of attack. The steady angle of

attack provides a steady lift to balance the wing mass gravity loading and therefore decreases the static wing
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deformation. Perturbation flutter velocities are calculated for a range of steady angle of attack. The results are shown in

Fig. 8. Fig. 8(a) shows the perturbation flutter velocity vs steady angle of attack from y0 ¼ �0:1� to �4�: There are
lower (denoted by the symbol 3) and upper (denoted by the symbol �) flutter or divergent boundaries for a given steady
angle of attack. For a flow velocity below the lower boundary, the system is unstable. The unstable behavior includes a
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static divergence and a flutter instability. The flutter velocity of both the lower and upper unstable boundaries decreases

with increasing steady angle of attack. For a flow velocity higher than the upper boundary, the system becomes unstable

again. It is found the flutter velocity of the upper unstable boundary does not exceed the strictly linear flutter velocity

ð32:5 m=sÞ corresponding to b � 0: Thus any static wing deformation leads to a decrease in system stability. In the flow

velocity range between the lower and upper boundaries, the system is stable. The range of stable flow velocities is almost

constant when y0o� 0:5�: This is because the system stable range corresponds to a certain range of the static

deformation of the wing.

In Fig. 8(a), there is also shown a solid line between the lower and upper stability boundaries which corresponds to

the total wing lift along the span equal to the total wing weight, i.e.,Z L

0

dFw dx ¼ mgL:
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It is seen that this curve is close to the upper flutter boundary, but it does lie in the stable range. Thus for equilibrium in

vertical flight the aircraft is stable. However disturbances to this equilibrium condition may easily lead to flutter.

Fig. 8(b) shows the flutter or divergence frequencies corresponding to Fig. 8(a). The flutter frequency of the lower

unstable boundary decreases with increasing steady angle of attack. For the upper flutter boundary, the system becomes

divergent when the steady angle of attack is less than �0:6�: Fig. 8(c) shows the corresponding tip vertical displacement
vs the steady angle of attack. The upper tip displacement boundary as indicated by an open circle corresponds to the

lower unstable flutter boundary and the lower tip displacement boundary as indicated by a closed circle corresponds to

the upper unstable flutter boundary in Fig. 8(a). A solid line corresponding to lift equal to wing weight in Fig. 8(a) is

also plotted in Fig. 8(c). This result is consistent with the tip displacement of the upper flutter boundary being close to

that determined when the lift balances the wing weight.

3.2. Nonlinear time marching solution

3.2.1. Effect of initial conditions

We use Eqs. (6)–(8) for the nonlinear time marching solution. The purpose of these calculations is to find the effect of

initial conditions on the flutter velocity and to determine any limit cycle oscillation when the flow velocity is above or

below the flutter velocity. Fig. 9(a) shows flutter velocity vs. initial tip vertical displacement from 0.01 to 1:6 m for no

manufactured curvature, and with a tip mass or tip force for m ¼ 0:05: (The tip static vertical displacement is 0:6 m as

measured from the static equilibrium state.) Also shown for reference is the case, m ¼ 0 or no tip mass or force. Fig. 9(b)

shows similar results for an initial twist angle. The initial condition is defined such that the initial wing deformation has

(a) the first vertical mode shape or (b) first torsional mode shape. As shown in Fig. 9(a) the flutter velocity decreases

with increasing initial tip vertical displacement for all three cases. The results for the tip mass and tip force are very close

each other. As shown in Fig. 9(b) the results are similar to Fig. 9(a) for the no-mass case, but for cases 1 and 2 the initial

tip twist does not affect the flutter velocity in the range lower than 5:5�:

3.2.2. Limit cycle oscillations

When we remove the nonlinear structural terms from Eqs. (6)–(8), but still include the ONERA model stall

aerodynamic nonlinearities, an LCO response was found as shown in Fig. 10 for a flow velocity of U ¼ 33 m=s: (Note
the strictly linear flutter velocity is 32:5 m=s:) Fig. 10(a) shows the time history of the tip vertical response with a 0:1 m
tip displacement initial condition and the corresponding FFT analysis is shown in Fig. 10(b). The motion includes two

dominant frequency components. One is 22:8 rad=s which corresponds to the linear flutter frequency. The other is

44:7 rad=s which is close to the second harmonic of the flutter frequency and to the third vertical natural frequency. The
response is dominated by the latter. Similar results are found for the chordwise and torsional responses. Fig. 11(a)

shows the time history of the angle of attack at the tip and the corresponding FFT analysis is shown in Fig. 11(b). The

angle of attack response also includes the same two frequency components as in Fig. 10, but now the dominant

frequency component corresponds to the flutter frequency. The angle of attack is larger than the stall angle

(it is as ¼ 10�Þ:When U > 33:75 m=s; it is found that the response becomes oscillatory divergent. From Figs. 10 and 11,
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we conclude the stall aerodynamic nonlinearity leads to the limit cycle oscillation, and the LCO occurs over a relatively

small range of flow velocity.

When the geometric structural nonlinearity is included in the equations, however, we did not find any LCO when the

flow velocity is larger than the perturbation flutter velocity for either no initial steady state tip displacement or for a

given initial steady state tip or torsional displacement. This is presumably because the structural nonlinear force

decreases the system stiffness and hence stability. Although the static stall aerodynamics provide a mechanism for LCO

above the perturbation flutter velocity, the effect of the structural nonlinearity overpowers the weaker aerodynamic
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nonlinearity for the set of parameters investigated, and thus does not lead to a new steady state with a limit cycle

oscillation for the present wing model.

For a given initial steady state tip or torsional displacement, we did find a LCO response when the flow velocity is

lower than the perturbation flutter velocity. Figs. 12 shows the tip LCO amplitude (peak-to-peak) versus the flow

velocity for the tip mass case of m ¼ 0:1 and an initial tip displacement of 0:5 m: The perturbation flutter velocity is

29:5 m=s: When the flow velocities less than 23:8 m=s; no LCO is found. When the flow velocities lie between 23.8 and

24:3 m=s; the LCO is a periodic motion as indicated by 3: A typical time history and corresponding FFT analysis are

shown in Figs. 13(a) and (b) for U ¼ 24:1 m=s: The peak-to-peak tip vertical displacement is 0:018 m and

corresponding frequency is 12:56 rad=s:
When the flow velocities between 24.4 and 24:96 m=s; the LCO is a chaotic motion as indicated by a filled circle.

The steady response becomes quite complex. A typical time history and corresponding FFT analysis are shown in

Fig. 14(a) and (b) for U ¼ 24:5 m=s: A phase plane plot is shown in Fig. 14(c). The steady response includes a high

amplitude, low frequency oscillation and some higher frequency components with lower amplitude motions. The peak-

to-peak LCO tip amplitude is about 0:12 m and corresponding FFT has a broader spectrum than the LCO at lower

flow velocities.

When the flow velocities are higher than 24:974 m=s; the response becomes oscillatory divergent. A time history

is shown in Fig. 15 for U ¼ 24:974 m=s: It is noted that this velocity is well below the perturbation flutter

velocity of about 29:5 m=s: This shows the dangerous effect of initial conditions or disturbances in inducing flutter

or LCO.

More FFT analyses are shown in Figs. 16–18 for U ¼ 23:9; 24.3, 24.4, 24.7 and 24:9 m=s: Note the LCO amplitudes

shown in Figs. 12–18 are rather small and the LCO occurs over a relatively small range of flow velocity.
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4. Concluding remarks

The present results are in agreement with those of earlier investigators notably Patil et al. (1999a,b). However they

also provide new insights into the nuances of nonlinear aeroelastic phenomena for high-aspect-ratio wings that have a

beam-like structural behavior. The effects of the geometric structural nonlinearity of the beam theory on both the flutter

instability boundary and the nonlinear response are significant. In particular, the static deformation in the vertical or

torsional directions caused by a static angle of attack, gravity and/or manufactured curvature generally decreases the
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system stiffness and stability and also leads to a sensitivity to initial conditions and any parameter that influences the

static equilibrium condition. The onset of a limit cycle oscillation is dependent upon a delicate balance between stall

aerodynamics and structural nonlinear forces. LCO above and below the perturbation flutter boundary generally

occurs over a limited range of flow velocity. LCO can occur below the perturbation flutter velocity due to large initial
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disturbances. Finally, order of magnitude, analytical estimates have been developed for when structural nonlinearities

may be important.
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Appendix A. Order of magnitude estimates of the amplitudes of response when nonlinear effects become important

By comparing the relative size of the nonlinear and linear terms in the governing equations of motion, one can

estimate the order of magnitude of the response when nonlinear effects become important. The calculations involve

only simple algebra and some logic.

Dowell (1969,1970) has previously used these techniques to estimate the amplitude of the response of limit cycle

oscillations of curved plates. Of course, a flat plate is a well known special case of the curved plate. Here we use the same

technique to estimate the amplitude of response when nonlinear effects become important for the high aspect ratio wing

model. In the present example of this paper, this technique will give an order of magnitude estimate of the static

deflection required to change significantly the perturbation flutter velocity and the size of an initial condition required to

change significantly this perturbation flutter velocity. It does not give us a good estimate for the LCO amplitude,

however, because the LCO only occurs over a narrow range of flow velocity due to the destiffening and destabilizing

effect of the softening structural nonlinearity which is dominant for this system.

It is interesting to note that Bejan (1983) has independently developed a methodology that he terms ‘‘scaling analysis’’

in the context of convection heat transfer models that is very similar to the approach of Dowell (1969,1970).

As an aside we briefly discuss the LCO amplitude arising from the aerodynamic stall nonlinearity, although this is a

trivial case to make an order of magnitude estimate as to when nonlinear aerodynamic effects are important. As

expected on physical grounds, the aerodynamic nonlinearity associated with the ONERA stall aerodynamic model

becomes important when the angle of attack of the system response exceeds the stall angle in the ONERA model.

The structural nonlinearity is more subtle and interesting however. Consider the equations of structural motion as

given in Eqs. (1–30) in the main text. To make our estimate as to when nonlinear effects become important we

hypothesize this will occur when the nonlinear stiffness terms in these equations are comparable in size to the linear

stiffness terms.

From Eq. (1), therefore, we require that on an order of magnitude basis

EI2v=L4BðEI2 � EI1Þfw=L4: ðA:1Þ

From Eq. (2) we require that

EI1w=L4BðEI2 � EI1Þfv=L4 ðA:2Þ

and from Eq. (3) we require that

GJf=L2BðEI2 � EI1Þwv=L4: ðA:3Þ

From these three estimates we may solve for the following order of magnitude estimates:

v=wBe1=2; ðA:4Þ

fBe1=2ð1� eÞ�1; ðA:5Þ

w=L ¼ ðGJ=EI2Þ
1=2ð1� eÞ�1 ðA:6Þ

and

e � EI1=EI2: ðA:7Þ

Note that, typically, e51; and (A.5), (A.6) may be correspondingly simplified. But if e-1; the system becomes linear

and (A.5) and (A.6) correspondingly predict that there is no finite amplitude for which nonlinear effects will be detected.
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Using the data for GJ;EI1 and EI2 from Table 1 in the main text we determine the following estimates for the

response levels for v; w and f for which nonlinear effects become important:

w=LB
1	 104

4	 106

� �1=2

¼ 1=20:

) wB0:7 m;

fB
2	 104

4	 106

� �1=2

Bð200Þ�1=2B4�:

Recalling Fig. 1, we see that the estimate for w is comparable to that magnitude of the static tip displacement at which

significant changes in system natural frequencies are seen and from Fig. 2 we see this is also the response magnitude

when significant changes in the flutter velocity and frequency are seen. Also see Fig. 5, for example. These order of

magnitude estimates are also consistent with the initial conditions or disturbances for w or f required to induce a

measurable reduction in the flutter speed from its small perturbation value, see Fig. 9. These estimates are not as useful

for the LCO per se, since the LCO occurs over a narrow velocity range and the LCO amplitude of response starts at

zero and over a short range of velocity moves off to infinity when the LCO itself becomes dynamically unstable, see

Fig. 12. One could claim an agreement in the range of finite LCO response with these order of magnitude estimates, but

clearly these estimates are not particularly useful when the LCO occurs over a limited range of a parameter such as flow

velocity. On the other hand, these estimates are reliable guides to when nonlinear effects become important due to a pre-

flutter static deformation and/or because of finite initial conditions and disturbances for the present system. When the

LCO occurs over an extended parameter range as in Dowell (1969,1970), these estimates are useful for determining the

LCO response as well.

Thus this method of making order of magnitude estimates is useful, but it does require some physical insight into the

behavior of the system and some numerical data to help interpret the meaning of these estimates.
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